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ABSTRACT. The hypergraph Moore bound conjectured by Feige (2008) controls the size of the smallest
even cover in a k-uniform hypergraph in terms of the average density of hyperedges. An even cover is a set
of hyperedges covering each vertex an even number of times, generalizing the notion of a cycle in a graph, so
the size of the smallest non-trivial even cover provides a notion of hypergraph girth. Recent work, starting
from the breakthrough result of Guruswami, Kothari, and Manohar (2022) proved the conjecture up to
polylogarithmic factors, whose exponents were later gradually improved. We give a simple proof of Feige’s
original hypergraph Moore bound conjecture for all £ > 3, with no superfluous polylogarithmic factors. For
the case of k even, our proof roughly follows the proof of the graph Moore bound, but works with colored
walks in a Kikuchi graph built from a hypergraph and controls their growth using the polynomial method.
The argument is then extended to the case of k odd by adapting a procedure in [GKM22].

1. INTRODUCTION

The classical Moore bound describes how large the girth of a graph can be given its average degree. In
particular, Alon, Hoory, and Linial [AHLO02] proved that every graph on n vertices with average degree
d > 2 contains a cycle of length at most 2[log,;_; n] + 2. In this work, we study the analogous question for
hypergraphs.

A natural analog of girth for a hypergraph is the size of its smallest even cover, where an even cover is a
nonempty set of hyperedges such that every vertex belongs to an even number of hyperedges in that set.
Feige [Fei08] analyzed the size of the smallest even cover of random hypergraphs. Based on the intuition
that random hypergraphs should be approximately extremal, he proposed the following generalization of
the Moore bound.

Conjecture 1.1 (Feige’s hypergraph Moore bound conjecture). For every k > 3, there exist constants
¢k, Cr > 0 such that the following holds. For all integers n > k and 1 < p < n, every k-uniform hypergraph

on n vertices with
n 51
m > cgn <) (1)
P

hyperedges contains an even cover of size at most Cyplogn.

There is an equivalent linear algebraic formulation of this conjecture. Represent each hyperedge E C [n]
by its indicator vector 1 € F3. Then, a set of hyperedges {E1, ..., E,} is an even cover precisely when

lEl—i—---—FlEq:Oian. (2)

Thus, Conjecture 1.1 postulates that, when (1) holds, any system of k-sparse linear equations over Fy with
n variables and m equations has a small non-trivial linear dependency. In coding theory, this translates
into a bound on the rate-distance tradeoff of low-density parity-check (LDPC) error-correcting codes.

In this paper, we prove Conjecture 1.1.

Theorem 1.2 (Hypergraph Moore bound). Conjecture 1.1 holds. In particular, when k is even, one can
take c;, = 64 and C), = 4k.
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We have made no attempt to optimize the constants. The significance of Theorem 1.2 is that the density
requirement is at the conjectured scale (1), with no additional factor of logn. The case where k is even
contains most of the new ideas. The argument for the even case can then be combined with the techniques
in [HKM23] (with appropriate modifications, as described in Section 3) to establish the odd case as well.

1.1. Related Work. For even k, Naor and Verstraéte [NV08] proved Feige’s conjecture in the high-density
regime p = O(1) (meaning, for p constant independent of n). This remained the only progress until the
breakthrough work of Guruswami, Kothari, and Manohar [GKM22], who obtained bounds throughout the
full range of p, but with an additional factor of log***! n in the density requirement (1). This was improved
to a single extra logn factor independently by Munhd Correia and Sudakov [MS22] and by Hsieh, Kothari,
and Mohanty [HKM?23]. For k = 3, [NV08] showed that m > Cn!°logn suffices to guarantee an even cover
of size O(logn), and [Fei08] subsequently improved the density requirement to m > Cn!-®y/loglogn. For
general odd k, [HKM™25] proved that Feige’s conjecture holds, up to an additional factor of logl/ (k+1)
in (1) for p < n/log?n. Theorem 1.2 removes this logarithmic factor for all & > 3 and thereby confirms
Feige’s original conjecture.

Among these prior works, the approaches in [MS22, HKM™*25], which use purely combinatorial arguments
based on rainbow paths, are closest in spirit to ours.

Several important problems in combinatorics and computer science admit natural formulations in terms
of even covers in hypergraphs. Conjecture 1.1 was originally motivated by the existence of polynomial-
time verifiable certificates of unsatisfiability for random constraint satisfaction problems at densities
strictly below those at which known polynomial-time algorithms succeed in finding them [FKOO06]. As
a consequence of their proof of Feige’s conjecture up to polylogarithmic factors, [GKM22| showed the
existence of such certificates in semirandom instances of constraint satisfaction problems.

To prove this result, [GKM22] developed and popularized the “Kikuchi method” introduced in [WEM19]
in the context of algorithms for Tensor PCA, which has since found numerous applications in average-case
complexity [GKM22, KX26, BCSvH26] and coding theory [AGKM23, KM24a, KM24b, HKM ™25, JM25,
BHKL25]. In particular, the strongest known results in most of these applications retain extra logarithmic
factors analogous to the one that until now remained in the hypergraph Moore bound. The Kikuchi graphs
underlying this method are also the starting point of our proof.
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Notation. Throughout, let £k > 3, H C ([Z]) be the edge set of a simple k-uniform hypergraph, where
n] ={1,...,n}, and m := |H|.

We will often work over ]Fg , Boolean vectors indexed by (the hyperedges of) H. For E € H, let ¢ be the
corresponding standard basis vector (this is equivalently 1y in the notation (2), but we reserve that
notation exclusively for vectors in F% to avoid confusion).

We denote the natural logarithm by log. For a graph G, we write V(G) for its vertex set, £(G) for its
edge set (reserving the symbol E for hypergraph edges), and £(A, B) for subsets A, B C V(G) for the set
of edges with one endpoint in A and the other in B (in the latter notation, the graph G involved will be
clear from context).

2. PROOF OF THEOREM 1.2 IN THE EVEN-UNIFORM CASE

In this section, we suppose k > 4 is even, that the number of hyperedges of H satisfies

k_q
n 2
m > 6dn () , (3)
P

and we show that H has an even cover of size at most 4kplogn.

2.1. Proof Sketch. The level-¢ Kikuchi graph K = Ky(H) associated to H is the graph on V(K) = ([Z])
in which S,T € V(K) are adjacent if and only if SAT € H. Our main technical lemma towards the proof
of Theorem 1.2 is a bound on the average degree of neighborhoods in the Kikuchi graph.

Lemma 2.1. Let g be the size of the smallest even cover of H, and let S C V(K) be contained in a ball
of radius § — 1 with respect to the graph distance on K. Then, avg deg(K[S]) < 2¢.

Here, avg deg denotes the average degree and K[N] denotes the subgraph of K induced by N.

Lemma 2.1 implies Theorem 1.2 using a standard ball-growing argument that we briefly sketch (see
Section 2.4 for details). First, under the density assumption (3), the Kikuchi graph of level ¢ := p has
average degree > ¢ (Proposition 2.3). By iteratively deleting low-degree vertices, we may in fact assume
that K has minimum degree > ¢ (Lemma 2.4). Fix any vertex of K and iteratively grow a ball B, of radius
r=1,2,... around it. The minimum degree condition shows that B, has > ¢|B,| adjacent edges; these
edges are fully contained in B, 1, so Lemma 2.1 gives |B,41| > |B,|. Thus the balls grow exponentially
for as long as Lemma 2.1 applies. Since K has only (2‘) vertices, this growth can continue for at most
O(?logn) steps, which therefore must also be an upper bound on the girth of H.

Our main contribution is the proof of Lemma 2.1 itself, for which we use the polynomial method in its
combinatorial form. Let @) denote the usual Boolean hypercube graph over V(@) = Fy'. We establish the
following lemma in Section 2.5, which strengthens the usual edge-isoperimetric inequality for subsets of
the hypercube satisfying an additional algebraic assumption.

Lemma 2.2. Let A C V(Q) be such that for every x € A, the function y — 1{x = y} coincides on A
with some polynomial over Fy of degree at most d. Then, avgdeg(Q[A]) < 2d.

The proof of Lemma 2.2 is a dimension-counting argument. By assumption, the monomials of degree at
most d span the space of functions A — Fa, so we may choose a basis of |A4] such monomials. Partition the
edges of Q[.A] according to the coordinate in which their endpoints differ. For each i € [m], the subspace of
functions A — Fo that are constant across every edge in direction 4 has codimension exactly the number of
these edges, since they form a matching. Every basis monomial not containing x; belongs to this subspace,
so the number of edges in direction ¢ is at most the number of monomials containing x;. Summing over i,
each of the |./A| monomials is counted at most d times, so Q[.A] has at most d|.A| edges.

Finally, Lemma 2.2 implies Lemma 2.1 by realizing K[S] as a subgraph of the hypercube (see Section 2.6).

Let S be a ball of radius r < (g — 1)/2 centered at Sy, and map each S € S to its palette in F5', which

records the set of hyperedges of H appearing an odd number of times along a shortest path from Sy to S
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(Definition 2.6). If S,T € S are adjacent, then their palettes are adjacent in the hypercube. Indeed, the
two chosen paths together with the edge {S, T} form a closed walk of length at most 2r + 1 < g. Since
there are no even covers of this size by assumption, the set of edge labels appearing an odd number of
times along the walk is empty, and the palettes of S and T differ exactly in the coordinate corresponding
to S AT. Finally, for each vertex u, the map T+ 1{u € T} is linear in the palette of T'. Taking the
product over all u € S gives a degree-{ polynomial implementing the delta function at S (see (9)).

The rest of this section is devoted to the full proof of Theorem 1.2.

2.2. Large p Case. Assume (3) holds. We first handle the easier case of p > n/(4k). Denote by the
weight of a Boolean vector the number of entries equal to 1. Consider the vectors 1 over £ € H. Any
non-trivial linear dependency between these vectors is precisely an even cover of H of that size, giving a
solution to (2). Using the crude bound m > 64n > n + 1, we conclude that any n + 1 of these vectors are
linearly dependent. Hence, some non-empty collection of at most n + 1 distinct hyperedges is an even
cover. As n+ 1 < 4kplogn, the result holds in this case.

From now on, we may therefore assume that

n
< —, 4
P (4)

2.3. Reduction to a Dense Subgraph. Set

Since [p] <2p < (k/2)p and p < n/(4k), we have

hS)

k n
=<,
2 — 8
and so also g <fi<n- %, which makes the level-¢ Kikuchi graph well-defined. We view an edge {S,T'} in
the Kikuchi graph K as being colored by S AT, so that K is edge-colored by the set H. We denote the

size of the vertex set of K by
n
N = (€> = |V(K)].

For every E € H, the number of edges in K colored by E is the same, given by multiplying the number of
ways to partition F into two equal parts of size k/2 and the number of ways to choose a further subset of
[n] of size £ — k/2 disjoint from F, divided by two. Using this in a double-counting calculation along with
basic asymptotic estimates, we find the following.

p<t<

Proposition 2.3. Let K = Ky,(H) be as above for arbitrary % <{<n-— g Then,
k n—k
M (172) ("1 /2)
avgdeg (K) = /(n)/
L
Further, if also k < % and ¢ < %, then

avg deg(K) > m (f) " (7)

n

The proof is given in Appendix A.

Using this general calculation, we find that in our setting K must have a non-empty “core” dense subgraph
of high minimum degree.

Lemma 2.4 (Dense subgraph of Kikuchi graph). In the above setting (i.e., with p satisfying (4), £ as
in (5), and the assumption (3) holding), there exists a nonempty induced subgraph K* of K of minimum
degree at least 324.

4



Proof. An elementary argument shows that every finite graph of average degree d contains a nonempty
induced subgraph of minimum degree at least d/2.! So, it suffices to verify that, under these assumptions,
avg deg(K) > 64¢. Indeed, we have by Proposition 2.3 combined with our assumptions,

AL n\R/2=1 7 g\ k)2 o\ F/2-1
avgdeg (K) > m () > 64n <> () = 644 <> > 644. O
n P n P

2.4. From Low Density to Small Even Covers. In this section, we prove Theorem 1.2 assuming
Lemma 2.1.

Recall the idea of the proof of the graph Moore bound (the case k = 2): an even cover in a graph is
just a union of cycles, and the absence of short cycles means that a graph is locally tree-like, in which
case its neighborhoods grow exponentially fast if the minimum degree is large. The absence of a cycle of
length O(logn) then implies a contradiction since there are not enough vertices for these neighborhoods to
continue growing exponentially without exhausting all vertices of the graph.

Our argument is similar, but working with the Kikuchi graph. As in the proof of the graph Moore bound,
we pass to a subgraph K* with high enough minimum degree (in our case, K* is a subgraph of the
Kikuchi graph). We cannot be so direct as to use the graph Moore bound on K*, since the Kikuchi graph
(and so K* as well) usually has short cycles, but ones that correspond only to trivial even covers. For
example, suppose that k = ¢ = 4, and E; = {1,2,3,4} and E3 = {5,6,7,8} both belong to H. Then,
{1,2,5,6},{3,4,5,6},{3,4,7,8},{1,2,7,8} form a 4-cycle in K,;(H), but since the consecutive symmetric
differences are F1, Fo, E1, F5, this cycle corresponds to a trivial even cover in H.

Instead, we need to work only with the “interesting” cycles in K*. To this end, call a cycle unpaired if
some edge color in the cycle occurs an odd number of times, and define the unpaired girth of K* as the
minimal length of an unpaired cycle. By construction, there is an even cover in H of size at most the
unpaired girth of K* (consisting of the set of edge colors occurring an odd number of times in a shortest
unpaired cycle).

Proof of Theorem 1.2 from Lemma 2.1. We argue by contradiction, and assume that H contains no even
cover of size at most 4kplogn. Define

q = [2kplogn],
which also satisfies, since p > 2¢/k, that

q> |4llogn]| > [4log N| > logy N > 1.
Fix an arbitrary root Sp € V(K*). For 0 < j < ¢ — 1, let N; be the ball of radius j centered at Sy in the
graph distance of K*. We then have
{So} =My CN, C--- C N,
Combining that mindeg(K*) > 32¢ and Lemma 2.1, we find that, for each 0 < j < ¢q — 2,
320 NG| < 3 degye (8) < 20 Woa])| = 20E(KING )] < 26N 4. (®)
SeN;

where the second inequality uses that Nj;1 2 Nj and that all edges with one endpoint in N have their
other endpoint in Nj;i. Every path in K* is a path in K, so N4 is contained in a ball of K of radius
j + 1, and so the last inequality follows from Lemma 2.1. Rearranging, we find

(Nj+1| = 16|Nj].
We apply this repeatedly, starting with [Ay| = 1, until we reach a lower bound on |N,_;|, which reads

INg_1] > 16771 > 49 > N.

ITo show this, repeatedly delete vertices of degree less than d/2 from a graph G = (V, &). If every vertex were deleted,
fewer than (d/2)|V| = || edges would have been deleted, which is impossible.
5



N1 is a subset of vertices of the Kikuchi graph, of which there are only N in total, so this is a contradiction.
We conclude that H contains an even cover of size at most 4kplogn. O

2.5. Density Bound via Polynomial Method. In this section, we prove Lemma 2.2, whose proof
is akin to that of Frankl-Wilson-type theorems in [ABS91]. A similar result appears in the work of
Haussler, Littlestone, and Warmuth [HLW94], phrased in terms of the one-inclusion graph and the
Vapnik-Chervonenkis (VC) dimension.

We give the following slightly more general version of Lemma 2.2 that will also be useful for the odd case.
Given a product set = Q; X --- x ), we denote the Hamming distance on 2 by

du(p,p') = |{i € [h]: pli] # P'[i]}|
for all p,p’ € Q.

Lemma 2.5 (Polynomial method density bound). Let A > 1, 1 < d < h be integers, G = (V,E) be a
graph, Q1,...,Q, be finite sets, and ) :== Qq x --- X Q. Suppose that the vertices of G are assigned distinct
labels py, € Q for u € V', such that dg(py,py) = 1 for every edge {u,v} € £.

For each i € [h], let G; be the spanning subgraph of G whose edge set is E(G;) = {{u,v} € £ : py[i] # py[i]}.
Suppose that each G; has mazimum degree at most A.

Let F<q be the Fo-linear span of all functions Q@ — Fo that depend on at most d coordinates. Suppose that,
for each w € V, there exist f,, € F<q such that f,(py) = 1{u = v} for everyv e V.

Then, avg deg(G) < 2Ad.

Lemma 2.2 follows easily as a special case of Lemma 2.5 for h =m, Q1 = ... = Q) = Fq, and G = Q[A]
(in which case each G; forms a matching, so A = 1).

Proof. By assumption, the restrictions of functions in F<g to A := {p, : v € V'} span all functions A — Fs.
Therefore, we may choose a collection B of functions 2 — Fy that depend on at most d coordinates and
whose restrictions to A form a basis for the space of functions A — Fy. In particular, |B| = |A| = |V/|. For
each f € B, fix a set Iy C [h] of coordinates on which f depends, with || < d.

For each i € [h], consider the subspace W; of functions V' — Fy that are constant on every connected
component of G;. Then, dim W; is the number of connected components of G;. Now, observe that if f € B
is such that ¢ ¢ Iy, then v — f(p,) is constant across every edge of G; (and so is also constant on every
connected component). Hence,

dlIIlleHfEBZ%If}‘ .

Finally, a graph with n vertices, ¢ connected components and maximum degree A has at most A(n — ¢)

edges. Since G1,...,Gy form a partition of G, we obtain
h
€] = Zye ]<AZ V(G| — dim W) < AY [{f € B:ic I} <AV,
=1
where the last inequality uses double counting. This concludes the proof. O

2.6. Palette Embedding. In this section, we prove Lemma 2.1 from Lemma 2.2. Let S C V(K) be
contained in a ball Nj of radius j < 4 — 1 centered at Sy. We describe the hypercube labeling that we will
use to apply Lemma 2.2, associating with each S € S a Boolean vector. We call this the color palette of S,
because it is associated with the sequence of colors (edges of H) encountered along a walk from Sy to S.

Definition 2.6 (Color palette). Assign to each vertex S € S its color palette, an element pal(S) € FX
formed by taking a walk of length at most j from Sy to S and recording which colors F € H were visited
6



an odd number of times. Because the girth of H is greater than 25 + 1, this definition does not depend on
the walk taken. Explicitly, given any such walk Sp,...,S; = 5, for some ¢t < j, we set

t
pal(S) = 2551A51—1 € ]Fg
=1

Note also that the color palette pal(S) together with the choice of root Sy determines S, since from pal(.S)
we may compute 1g, + Zzzl(lsi +1g, ,) = 1g. We also observe that, if two S1, 52 € S are adjacent
as vertices of K, then their palettes must have Hamming distance 1. Hence, K[S] is isomorphic to (a
subgraph of) the subgraph of the hypercube induced by {pal(S) : S € S}.

It remains to produce a suitable collection of low-degree polynomials fg for S € S. Consider the following
polynomials:

fs(X) = H (1{1) € Sot+ Z XE> . (9)

vES EcH:weE

To see why these polynomials satisfy the condition of Lemma 2.2, consider the evaluation with X = pal(T).
The expression 1{v € So} + > pcp.oep XE counts the parity of the number of times vertex v is visited
along a walk from Sy to T', which, by the definition of a walk in the Kikuchi graph, is simply 1{v € T'}.
Thus we have

fs(al(T)) = [[H{ve T} = 1{S C T} = 1{S =T},

vES

the final step following because |S| = |T|. We emphasize that this simple last step is a crucial consequence
of working over the Kikuchi graph defined on sets of a fixed cardinality (equivalently, a slice of the
hypercube of fixed weight ¢), and that on this slice inclusion of sets implies equality.

We also have deg(fs) < |S| = ¢. Applying Lemma 2.2 with this choice of polynomials fg implies Lemma 2.1.

3. PROOF OF THEOREM 1.2 IN THE ODD-UNIFORM CASE

In this section, we suppose k > 3 is odd. We prove Theorem 1.2 by combining the proof from Section 2
for even-uniform hypergraphs with the procedure in [GKM22, HKM23, HKM*25] to handle odd-uniform
hypergraphs, with some appropriate adaptations.

Let By be a sufficiently large constant, depending only on k.

3.1. Large p Case. If p > n/Bjy, increasing constants ¢, and Cy in Theorem 1.2 allow us to use the same
argument from Section 2.2. In particular, choosing

E_
ck > B; 1, Cr > B +1

guarantees that there is a collection of n + 1 linearly dependent vectors that form an even cover of the
desired length. From now on, we may therefore assume that

<
P_Bk7

and follow [HKM23] closely.?

2We chose not to reconstruct many of the arguments and descriptions in [HKM23] and encourage the reader to con-
sult [HKM23].
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3.2. Hypergraph Decomposition. Set ¢ := max{2k, [p]}, so that p < ¢ <2kp. For 1 <i <k —1, set
E_.
7; = max{2, (%) 2713 We apply [HKM23, Algorithm 1], which partitions the hyperedges H into k sets

H=HO_ y® .. .gykD
having the following properties (see [HKM23] for a proof):

(1) There exists 0 < i < k (in particular ¢ # 0) such that \’H |>m4
(2) For all 1 < i < k, we can partition H(®) = Hl(l) : () such that, for all j € [h;], ]HJ@\ > 7,

and there exists U(l) ([’;]) such that Uj@ C E for all E € HJ( ). For i > %, \Hj(l)\ =7 =2
Moreover, h; < 2.

Ti

(3) For any 1 <4, s such that i + s <k and U € ([n]) the number of hyperedges in H(* containing U

k+1

is less than 7,4 (in particular, if ¢ > , it is at most 1).

The subsets H ]@ are called buckets, and we refer to the subset U J@ shared by hyperedges in the bucket as
their center.

3.3. Large Centers: Even-Uniformity Bound. In this section, we treat the case where condition (1)
above (i.e., [H¥)| > ™) is achieved for some ¥ < i < k. Conditions (2) and (3) above imply that for all

jelhl, H ;i) consists of a single pair of hyperedges { £}, F;}, whose intersection size is exactly 1.

Now construct a 2(k — i) even-uniform hypergraph, H, with edges {E; A Fj : j € [h;]}. The proof
of [HKM23, Lemma 3.4] shows that assuming H has no even cover of size 4, if H has an even cover of
size g, then H has an even cover of size at most 2¢. By our assumption, H has at least 57 hyperedges.
Assuming m > ¢yn(n/p)¥/2=1, the even case of Theorem 1.2, together with the ordinary Moore bound
(e.g. [HKM23, Proposition 2.1]), implies H has an even cover of size at most O(plogn).

3.4. Small Centers: Colored Kikuchi Graph. We focus in the remaining case: suppose that there
exists 1 < % such that [H®| > 7. We fix i from now on and write Hj := HJ@ and U; = UJ@. For each
E € Hj, we denote by E:=F \ U; the hyperedge with its center removed.

The argument proceeds by building the colored Kikuchi graph K. [HKM23, Definition 3.5]. We duplicate
each node v € [n] into two labeled versions (v, 1) and (v,2) of v (called green and blue in [HKM23]). Then,

K. is a graph with vertex set
1,2
l
Given S € V(K,), we denote by S = {v € [n] : (v,1) € S} and similarly for S.

We now describe the edge set of K.. A pair (E,F) € H; x H; with £ # F forms an edge in K. between
S, T € V(K.) if the following three conditions hold:

=1 =) (= =Dy

g ATE@  _
(2) D
k.
3Note that ( ) 27" may not be an integer, we do not explicitly take a ceiling to not overload notation.
4By the pigeonhole principle, there exists such 0 <4 < k, but, as [HKM23] shows, if \H(0>| > 7, there would be a node

m
—— T

(’Eﬁ S

in which case the edge is labeled (E, F).

kE_q
v € [n] in MHT(O)‘ > >k (%) > in HO hyperedges, so some of these hyperedges would have been added to H™) in
Algorithm 1 of [HKM23].



Note that, assuming the girth is larger than four, K. is a simple graph. Indeed, if there were S,T € V(K,)
connected by two distinct edges labels (E, F') and (E’, F') then either E = F’ (and F = E') or E, F, E', F’
forms an even cover of size 4. If £ = F’ then F and E’ would have to belong to the same bucket, and
E =FE' so E = E', and so the edge labels were not distinct.

3.5. Pruning Colored Kikuchi Graph. The next step in [HKM23] is to prune K. so that each bucket
of hyperedges contributes only a low-degree subgraph to the Kikuchi matrix. For S € V(K_.), let dg(S) be

the number of edges in K. incident on S whose label contains F. Let K} be the subgraph of K, consisting
of edges {5, T}, with label (E, F), such that

dg(S)=dp(S) =dg(T) =dp(T) = 1. (10)
A key observation in [HKM23] is that K. remains dense after pruning.

Proposition 3.1 ([HKM23, Claim 3.10]). There is a constant v > 0, depending only on k, such that, if
By, is sufficiently large, then

k/2
avgdeg(K}) > ym <n> .

At this point we need deviate slightly from the argument in [HKM23] and for every original hyperedge FE,
we retain only one of E() and E®). We do this by building a map o : H®) — {1,2} and retaining only an
edge with label (E, F) if 0(F) =1 and o(F') = 2. A routine probabilistic method argument can show such
a map exists while keeping at least 1 of the edges. One can then show, that for each state S € V(K7),
and each (post-prunned) bucket H]*, there are only at most two edges incident on S with labels in H]*
This means that, each bucket H]*, contributes a subgraph of K of degree at most 2. By another routine
argument, one can take a subset of these edges, of size at least 1/3, that forms a matching. The subgraph
formed by these matchings has a number of edges at least 1/12 of H]* A direct analogue of Lemma 2.3
provides a subgraph K™* with a large minimum degree, on which we will do the neighborhood expansion
argument. This construction is done in the Lemma below.

Lemma 3.2 (Dense core with bucket matchings). There is a subgraph K}* of K} such that:

(1) There is a map o: HO — {1,2} such that the edge with the label (E, F) stays if o(E) = 1 and
o(F)=2.

(2) For every state S € V(K[) and every bucket H} there is at most one edge whose label (E, F)
contains hyperdges E, F from the bucket H]*

(3) Its minimum degree is lower bounded by

i K™) > — — .
min deg(K}*) > SYRLUG (n)

Proof. If a map o is chosen uniformly at random, every edge in K} is retained with probability 1/4. Hence
there is some map ensuring that the density is reduced by a factor < 4.

Fix a state S and suppose for the sake of contradiction that there are three edges incident with labels in
H?. By pigeonhole principle, one can find two edges with labels (E, F') and (E', F”) incident such that

(2050, |Fns@]) = (| 050 |7 ns@)]).

We claim that E, F, E’', F" are four distinct edges, i.e. all six pairs are distinct. Four of them are guaranteed
since 0(F) = o(E') =1 and o(F) = o(F’) = 2. For the remaining two, if either E = E’ or F' = F’, by the
pruning condition (10) both must hold (as otherwise dg(S) > 2 or dp(S) > 2), but then (E, F) = (E', F'),
contradiction.

As these are four distinct hyperedges, then S is incident to an edge (E, F') in K., which is different from
(E, F), again yielding contradiction by (10).
9



Thus the set of edges with labels from H]* is currently a vertex-disjoint union of a paths and cycles. One
now reduces a density by a factor < 3 to guarantee that the edges with labels from H]* form a matching.

Finally, one reduces a density by a factor < 2 to produce a dense core as argued in Lemma 2.4. O

3.6. Using the Polynomial Method. We proceed by utilizing the polynomial method density bound
(Lemma 2.5) to show the following analogue of Lemma 2.1.

Lemma 3.3. Let g be the size of the smallest even cover of H, and let S C V(K*) be contained in a ball
of radius § — 1 with respect to the graph distance on K;*. Then, avg deg(K}*[S]) < 20.

As before, let Sy € V(K%*) so that S is contained in the ball of radius j < § — 1 around Sy. We adapt the
color palette (Definition 2.6) as follows.

Definition 3.4 (Color palette for colored Kikuchi). Assign to each vertex S € S its color palette, an
element pal(S) € F4, formed by taking a walk of length ¢ < j from Sy to S, using color-pairs (Eq;_1, Ea;),
and recording which hyperedges from {E1, ..., Ey} were visited an odd number of times. Because the
girth of H is greater than 4j + 1, this definition does not depend on the walk taken. Explicitly, given any
such walk, we set

t
pal(S) = Z (¢Eas s +eB,) € FE.
i=1

As before, the color palette pal(S) together with the choice of root Sy determines S (recall that, for every
hyperedge E only E((E)) is present in edge color-pairs of KX™).

Set h = h; to be the number of buckets. While K}*[S] is not isomorphic to the subgraph of the hypercube,
the palettes of any two adjacent vertices in K}* differ only in coordinates of one bucket. L.e. for any
S ~gx T there is unique j € [h] for which

supp (pal(S) + pal(T)) € H}™.

Therefore neighboring palettes have Hamming distance one with respect to the product set

Q:Fflx...xlﬁ‘gh.

Now we construct the polynomials akin to (9), by setting

s =TI [Hwoesy+ S xg
(v,0)€S EeH®:veE,a=0(E)
Likewise fs(pal(T")) = 1{S =T}.
These polynomials are of degree ¢, thus in the span of the monomials (which are functions that depend
only on ¢ coordinates). Lemma 2.5 then yields avg deg(K*[S]) < 2.
Now that we have established Lemma 3.3, the rest of the proof proceeds as in the even case. Due to

Lemma 3.2 we know the minimum degree in K* is at least 2vim (%)k/ ?. From (1) (and the fact that
p < {), we have
' 1 N AL,
min deg (K™) > o1 TkCkN (p) <n> > 51 l.

Pick ¢, large enough so that 4%k > 32, so mindeg (K*) > 32¢. As in the proof of the even case, we fix a
vertex, Sp, and let NV; be neighborhood of radius j around Sy in K}*. Since, for j < 4 — 2, Lemma 3.3
implies |E(K*[Njt1])| < €)Nj11], the inequality (8) holds.

We set

1
q = LlC'kplognJ ,

and we finish as in the even case.
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APPENDIX A. PROOF OF PROPOSITION 2.3

We first show (6). For a given E € H, the number of pairs (S,T) € V(K)? such that SAT = E is
k n—k
k2)\e—k/2)

= wo=n(5)(54)

and the formula for avg deg(K) follows upon dividing by |V (K)| = (}).
We next show (7). Define s := k/2. Then, (6) can be rewritten as
k (0)s(n—0)s
avgdeg(K) = -mo 11
g deg(K) <8> o (11)
where (a), = a(a—1)---(a—b+1) is the falling factorial. Since £ > s by assumption, we have the estimate

Thus,

s!
> — /5,
(0)s > 356

Moreover, £ < n/8 and s < n/8, so

3n\°
(n—0), > (4) , (n)as < 0.
Combining (11) with these estimates, we find that
E S
v deg(1) > i (1)
n

where

-CRE)
()

Jj=1

We claim that s > 1. Indeed,

Since = +— log(1 4 z) is increasing,

18 . 1

=S log(l—l—j) 2/ log(1 + z)dz = 2log 2 — 1.
S ~ S 0

Jj=1

Therefore
log Bs > s (log(3/4) +2log2 — 1) = s(log3 — 1) > 0,
completing the proof.
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