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Iterative algorithms

Input: (random) matrix A € R"*"
Algorithm: maintain x; € R”
1. x¢r1 = Axe . y
2. xgy1 = (%), fr : R = R non-linearity et S ovoar

Ex: power iteration, message-passing, ...

Question: joint distribution of (xg, x1, ...) for large n?

Xog— X1 — Xy
Today: idealized iteration Xg, X1, ...

The tree approximation T

Ty —> ] — I9
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Plan

1. Motivation: random polynomial optimization

2. Building the tree approximation

3. Working in the asymptotic tree basis
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Quadratic polynomial optimization

max p(x)
[Iefloo=1

Problem: maximize

n
p(x) = ) Ayxix;.
=1

over x € {—1,1}" in polynomial time.
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Ex: Max-Cut, Max-2XOR, ... over x € {—1,1}" in polynomial time.

[Grothendieck, ..., Charikar-Wirth'04]
O(log n)-approximation (probably tight)

uestion: typical instances? A; ~ +-L
© P Yiid. — v/

[GGJPR'20] convex relaxations cannot really beat “eigenvector rounding”

[Montanari'21] polytime algorithm achieving w.h.p. (1 — €)-approximation for
any fixed € > 0

5/16



Hypercube walks
. . 1
Problem: maximize }./';_; Ajix;x; over x € {£1}" when A; -~ :I:W

[Montanari'21] For some well-chosen f; : Rt*1 — R,
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Problem: maximize }7';_; Ajjxx; over x € {£1}" when A,J T

[Montanari'21] For some well-chosen f; : RtT! — R,

;2

15:1

Wil = Aft(wt, ey

1
n

-

1

Output: Y.~ fe(wy, ..., wp)

optimization problems

[P-Vladu'23] discrepancy theory

fnooog WO,i)fs—l(stlwu

W),

Iterative algorithms for non-certifiable
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Building the tree approximation
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The Fourier diagram basis

The Fourier diagram basis {Z* € R" : a unlabeled rooted graph}

ZZO‘ 1
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The Fourier diagram basis

The Fourier diagram basis {Z* € R" : a unlabeled rooted graph}

Po1<jk<n b1 k<n
i 1,7,k distinct i i,j,k distinct

zZ} = )y [T Agw.em)-
injective ¢: V(&) = [n] {u,v}€E(a)
p(o)=i
» Lower bounds against low degree polynomials & SDP hierarchies.

» |Important to sum over distinct indices
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Cyclic diagrams

i iﬁ' the Fourier diagram basis simplifies as n — oo.
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Cyclic diagrams

If Ajj iy +-L | the Fourier diagram basis simplifies as n — oo.
I.1.d.

A

D ki ok distinet Aii Ak
e~ ——
n? terms o
o(1)
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If A; ™ +-L, the Fourier diagram basis simplifies as n — co.
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D ki distinet Aij Aik D ki ok distinet AijAikAjk
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Cyclic diagrams

If A -~ +-L the Fourier diagram basis simplifies as n — oo.
1.1.Q.
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n? terms 0 n? terms L
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Cyclic diagrams

If A -~ +-L the Fourier diagram basis simplifies as n — oo.
1.1.Q.

\/Fl
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—— 1 —— —~— The cyclic diagrams are
n? terms n n2 terms L negligible as n — .
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Cyclic diagrams

If A -~ +-L the Fourier diagram basis simplifies as n — oo.
1.1.Q.

\/Fl

D ki ik distinet “Yij Ak Zj,k;z',j,k distinet A7k Thm: [Jones-P'24]
hf—J N W—J —— The cyclic diagrams are

n’ terms 0 n? terms I3 negligible as n — co.

Def: We say x = y if x —y is the sum of finitely many cyclic diagrams.

» Only for diagrams of size O(1)

» In general: free cumulants
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The asymptotic tree basis
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the root are asymptotically independent
Gaussian vectors

Thm: [Jones-P '24]
The tree diagrams with one subtree at ) l , ; ;
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The asymptotic tree basis

2

4
o + o x + 6 +3e
Thm: [Jones-P '24]
The tree diagrams with one subtree at o, l , ;
the root are asymptotically independent
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The asymptotic tree basis

2

118

+
[ ]
118

+

[o)

+3e

Thm: [Jones-P '24]
The tree diagrams with one subtree at o, l , ; ;

the root are asymptotically independent
Gaussian vectors

ha

g

Thm: [Jones-P '24]

The tree diagrams with several subtrees at the root are asymptotically
Hermite polynomials in the Gaussians
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The tree approximation

xt =Ax¢ 1 or x¢ = fir(x¢_1)

t

Ty —> x| —> 9
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The tree approximation

xt =Ax¢ 1 or x¢ = fr(x¢ 1)
Xo— X1 — Xy

1. Expand x; in the Fourier diagram basis

2. X := expansion restricted to tree diagrams
Ty —> Tl —> X9

Then: x¢ = X¢, so Ixt — X¢]]oo = O (%)

X follows a simplified Gaussian dynamic!

Gaussian tree

* ; .
Ax o = |

(0}

—

Gaussian
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The tree approximation
xt =Ax; 1 or x¢=fr(x1)

Xo— X1 — Xy

1. Expand x; in the Fourier diagram basis

T 2. X; := expansion restricted to tree diagrams.
ry —> r] —> 12 Then: thxt, SO th_xt”oo: O(\/lﬁ>

X; follows a simplified Gaussian dynamic!

Gaussian tree non-Gaussian tree
* % N o« ¢
o0 oo
A.X a + X o = o
) o ,,‘
? Gaussian

—

Gaussian
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The tree approximation

xt =Ax; 1 or x¢=fr(x1)
Xo— X1 — Xy

1. Expand x; in the Fourier diagram basis

T 2. X; := expansion restricted to tree diagrams.
ry —> r] —> 12 Then: thxt, so th_xt”oo: O(%)

X; follows a simplified Gaussian dynamic!

Gaussian tree non-Gaussian tree
’ % ° bd * Lem: [Jones-P '24]
AXx = + A x ®
@ @ a AX 2 Xt + X
) (0 -
? Gaussian

Gaussian
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Working in the asymptotic tree basis
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The cavity method
Belief propagation:

n
1
mf:} = ft <Z A,-km,t(ﬁ,-) , mf+ = gt (Z Aik’"iﬁi) .

ki k=1
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The cavity method
Belief propagation:

n
t+1 _ ot t+1 _ ot
m,'_U' =fi Z Alkmk—),' v my = 8t Z Alkmk_>,'

py k=1

Approximate message passing:

1 n
1 — Af}_» (Wt) _ E 2 ft,(Wit)Wt71 , mt — gt(wt)-
i=1

Thm: [Bayati-Lelarge-Montanari '11, Jones-P. '24] m*BP =

1 1
mt = fr (W = Agmi i, = Aym)_ )

Given that the entries A;; are on the scale of 1//n, which we expect to be much smaller than
the magnitude of the messages, we perform a first-order Taylor approximation (the partial
e with respect to the coordinates of fi;; and the last coordinate is ignored

derivative
because uf is constant)

e}
o1 0fen

w5 (e, ) - Ay B (@™, whed) . ()

Plugging this approximation in the definition of m{*‘,
=) SRR SIS ST CERRNE
=1 =
@i&m(wiw--w Z”Zﬁ e ) e ) ()
k=1
:i:lwft(mi.... w) Zb.,f,, dwst )
k=1

This shows that w!*! approximately satisfics the AMP recursion Eq. (11), as desired.

mt-AMP
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The cavity method
Belief propagation:

n
t+1 _ ot t+1 _ ot
m,'AU' = ft Z Alkmkﬁ[ v my = 8t Z Alkmkﬁ[

py k=1

Approximate message passing:
1Z -
left (wt)_Eth/(Wit)wt 1’ mt:gt(wt).
i=1

Thm: [Bayati-Lelarge-Montanari '11, Jones-P. '24] mtBP = mtAMP

mt = fr (W = Agmi i, = Aym)_ )
Given that the entries A;; are on the scale of 1//n, which we expect to be much smaller than 0
the magnitude of the messages, we perform a first-order Taylor approximation (the partial Pf: replace ~ by =I
> with respect to the coordinates of fy and the last coordinate is ignored
is constant)

derivative
because

e}
o1 0fen

w5 (e, ) - Ay B (@™, whed) . ()

Plugging this approximation in the definition of m{“,

“,Jueg;AM(u-;. L) ZA;A:ZW )de(uk L)
- " - of; o
QY Anflwps. o wf) = Z”Zﬁ Wi uf) gl uf) )
k=1
=3 Awfulwl,. . wf Zm,n dwst )
k=1

This shows that w!*! approximately satisfics the AMP recursion Eq. (11), as desired.

13/16



The cavity method
Belief propagation:

n
t+1 _ ot t+1 _ ot
m,'%j =f Z Alkmkﬁ,' v my = 8t Z Alkmkﬁ[

KEi k=1

Approximate message passing:
= Af; (w _7th wHw' ™l mt =g (wh).

Thm: [Bayati-Lelarge-Montanari '11, Jones-P. '24] mtBP = mtAMP

B (At 1A 0
miEl = fror (w} Agm! o wh, — Agml )

le of 1/, w pect to be much smaller than
perform a first-orde r approximation (the partial Pf: replace ~

with respect to the coordinates of f, and the last coordinate s ignored

Given that the entries

because w is constant)

e
10fen

i e (wd - wl w? Ay Yol Wl ) () . .
O )b ) Lem: incoming messages
Plugging this approximation in the definition of w!*!, ( m,?_y')i:i 4j are asymptotically
O3 Al o) independent
- Sy - af:
Al =Y 2 Y fenler e P ) (o) e "
QO wstrrodl) =3 Yl Justt Cavity method” made
=3 Awflthe o) = 3 b i) rigorous
k=1 s=1

This shows that w!*! approximately satisfics the AMP recursion Eq. (11), as desired.
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State evolution

Gaussian tree non-Gaussian tree

T%.O?

o o_o AX Z X+ X~
Ax a - o AXx « o
(0 —
? Gaussian

Gaussian
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State evolution

Gaussian tree non-Gaussian tree

* o °
° oo _

oo$ AX =Xt +X

Axa = + b A><a o

(0%

— —_—
o

Gaussian

[——’

Gaussian

Approximate message passing:
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State evolution

Gaussian tree

non-Gaussian tree
* o« ¢
® 00 _
‘ o0 AX = XT +X
Ax o = % + A Ax o 2 b +
(0 —
? Gaussian
Gaussian

Approximate message passing:

Xt+1 = ft(xtl OO 1X0)+
or

= i ...,Xovf)f’sfl(xsfl,...,XQ).
i=1s=1"7"S
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State evolution

Gaussian tree

non-Gaussian tree
* o« ¢
® 00 _
‘ o0 AX = XT +X
Ax o = % + A Ax o 2 b +
(0 —
? Gaussian
Gaussian

Approximate message passing:

Xt+1 = ff(xtl OO 1X0)+
or

Xt+1 = ft(xt, oo

QO
&h

:M—‘

iy oy oy

i=1s=1 0

&

Xty,', e ,Xov,')f’sfl(xsfl, e ,XQ) .

1. X; is asymptotically Gaussian
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State evolution

Gaussian tree non-Gaussian tree

* o °

° oo _

m% AX =Xt +X
Axa x + o Axa Z

(0%

—_— —_—
o

Gaussian

[——’

Gaussian

Approximate message passing:

Xer1 = f:(Xe, ..., Xo) T
or

7)its— 1.
i)t n)

1. X is asymptotically Gaussian
2. E(X¢, Xs) = E(fe—1(X¢-1,--.. Xo), fs—1(Xs-1.- .., Xo)) +0(1)
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State evolution

Gaussian tree non-Gaussian tree

AXZ’O$+.AX. 1

«

— —_—
o

Gaussian

[——’

Gaussian

Approximate message passing:

Xt+1 = ft(xtl OO 1X0)+
or

7)its— 1.
i)t n)

Thm: (state evolution) [Bolthausen, Javanmard-Montanari, ...]
1. X is asymptotically Gaussian

2. E(X¢, Xs) = E(fe—1(X¢-1,--.. Xo), fs—1(Xs-1.- .., Xo)) +0(1)

~ AX Z X+ X~
« a o
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Back to random polynomial optimization

Problem: given Aj; o~ :I:%, maximize (x, Ax) over x € {£1}"
1.1.d.

n
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Back to random polynomial optimization

Problem: given Aj; o~ :I:%, maximize (x, Ax) over x € {£1}"
1.1.d.

n

[Montanari '21] for some well-chosen fz,

Wi = (f(Weq,..., Wo)We)t, X =) (W q,...,Wo)W,

Analysis: W; has depth exactly t.

(o]

(X, AX) 2 (X, XY + (X, X7) 2 2(X, XT)

Question: ‘“combinatorial” Parisi dual representation?

lim sup 2EXX™ = Parisi constant?
020 x:P(Xe[-1,1])>1-6
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Conclusion

The Fourier diagram basis simplifies as n — oo to the asymptotic tree basis of
independent Gaussian vectors.
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> Beyond O(1) iterations?
ro=1, a1 =Ar, —z. (16)

Theorem 6.2. Suppose that A = A(n) satisfies Assumption 6.1 and generate x, according
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Ex: eigenvector BBP transition?
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Conclusion

The Fourier diagram basis simplifies as n — oo to the asymptotic tree basis of
independent Gaussian vectors.

> Beyond O(1) iterations?
mp=1, a1 =Ar,—z . (16)

Theorem 6.2. Suppose that A = A(n) satisfies Assumption 6.1 and generate x, according
to Eq. (16). Then there exist universal constants ¢, 8 = 0 such that for all t < en®,

”-*'r - Zr,p-,nh”.‘: =50,
Ex: eigenvector BBP transition?

» Semirandom models?
Ex: rotationally-invariant models A = UDUT, U random rotation and
adversarial diagonal D

» Proving structural properties of the models
Ex: replica-symmetric free energy of the SK model

Thank you!
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